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High-dimensional random Landscapes

A random landscape Z(X) is a random function of a large number N of
deqgrees of freedom x = {x, ---, Xy}

This is an important topic in physics, mathematics and beyond:
Spin-glass enerqy landscape

Utility function in economics

Cost function in machine learning

A ubiqu&&ous probt&m is then to search for the exact (or at least % roximate)
global minimum or ground state enerqy of the energy Lamdscape ?X)t

g LI 7 (x)
X

(See e.q. Ros, Fyodorov 22)



Grround-state energy

The intensive ground-state energy (GSE) is

(At Lleast for mean-field models) |1m O = Iim gren

= e
t
N—oo N— o0 yP

Tfjpi,tat fluctuations extend over a vanishing scale and are described bjj

lim ey, =0 Im P(x) =0
N—-oo (Sl

TV B e o e = 5075 o A o)
lim ay = 0 N—co i lim P(x) = 1
N—co X——+00

"Derivm? the Limiting distribution is clearly a problem of
for a strongly correlated random process



EVS for independent identically distributed
(iid) random variables

This problem is fully characterised for iid random variables:

lim Prob [xmin - e aNx] = hm
N—oo N—oo

The coefficients x, and a,
"De.[uev\d e.xpiiti,&tv own the
Fm‘eh& distribution

N
)

lim P(x) =0

Iim P(x) =1

X—>+00



EVS for independent identically distributed
(iid) random variables

The distribution of Ey)ic:at fluctuations is universal and falls in one of three
universality classes (Fisher-Tippett-Gnedenko theorem)

Grumbel Fréchet Weibull
Exponential or faster decay Power-law decay Finite edqge
Pi(x)y=rexpl—e™) PrroX) = exp(=x")0O(x) Py 4x) = exp(—x”)O(—x) + B(x)
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Much more difficull for strongly

0.6 1
correlated random variables' =

N

SN

are expea&ed o e

— Pi(x)
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but a full characterisation is far from complete! — Pia=alx)
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General Spherical spin-glass model

The general spherical spin-glass model is defined as the Gaussian

L e X1 X
F(x) =0 H (XD (Xp) = Nf( o )

f(a) = ) 8.q"+I'q=glg)+
=0

The simplest model consisks in the p-spin model, where

p

N
M=l

j=1
Random
F“b@dv

inkeraction

roess
PN



General Spherical spin-glass model

The general spherical spin-glass model is defined as the Gaussian process
N

A (x)=0 H (X)) (X,) =Nf ( Xl].\7X2> Z xl.2 =N
00 =il
f(q) = Zgrqr+ = g(g@)+ e M)
=

The energy landscape of this model is:
A model for the cost function of machine learning algorithms (Choramansica ‘18)
A versatile model of constrained optimisation

A prototypical model of strongly correlated stochastic process



General Spherical spin-glass model

The general spherical spin-glass model is defined as the Gaussian process
N

e X, - X
Z(x) =0 %(XQ%(XQ:Nf( 1N2> inzzN
% i=1
flag) = Zgrqr+ = g(g)+ Vr>2,82>0
=2
Characterising the typical value and fluctuations of the GSE ¢, is thus natural
i = — Min #Z(X)

X:x2=N



Creneral Spheric&i spm—-‘gi.ass model

The general spherical spin-glass model is defined as the Gaussian process
N

o e X1 Xy 2
H(x) =0 H (X)X (X)) = Nf - X
— i=1
flq) = Zgrqr+ = g(g)+ Vr>2,82>0
r=2
Its typical ground-state energy can be computed using the replica method
o e ) — e CI)(Q)—ﬁ—z if(Q )+llndetQ+£(1+ln2n)
N1—r>£lo_ n ~= ¢n =5 rgf())( n(Q) n = 9 ab y y

a,b=1

. 5 n
e e e

Cei 5=
t m
A 5 p—o00 n—0 I/lﬂ



General Spherical spin-glass model

The general spherical spin-glass model is defined as the Gaussian process
N

T X, X
Z(x) =0 %(Xl)%(xz)sz< 1N2> le.zzN
= i=1
= Zgrqr+ = g(g@)+ Vr>2,g >0
r=2
It yields the Crisanti-Sommers formula (Crisanti & Sommers ‘92)
L e @37 0 ]
1 ; : ' do : dq
Rl (G — > HeE) +[ dqz(q)f'(q) + : +J 1
Al v+ [ dq z(q) Al J dr z(r)
90 q i

2(q) : non-decreasing function of g € [0,1] with z(g < gy)) =0



Replica symmetry (breaking) of the solution

Crisanti-Sommers formula (Crisanti & Sommers 02)

1

1
€yp = €min = — = r_nlr_l | ¥ [Z(Q); v, QO] Y [z(q); v, qo] —~ = v (1) + [ dqz(q)f'(q) + -+ 1
q0 V+J dQZ(Q) Q()V+J d?‘Z(}’)

2(q) : non-decreasing function of g € [0,1] with z(g < g)) =0

The explicit form of z(q) depends on the covariance function f(q) =g(q)+Tq :




Replica symmetry (breaking) of the solution

Crisanti-Sommers formula (Crisanti & Sommers ‘92)

Cemiieferimsas min ¥ [Z(q); v, qo]
v>0,0<4p<1,2(q)

2(q) : non-decreasing function of g € [0,1] with z(g < g)) =0
The explicit form of z(q) cie:pemds on the covariance function f(q) = g(q) +1T'q :

s For I' > T'reg = g7(1) — g'(1) the solution is RS: gy =1 and/or z(qg) =0

= —/g+T

A i o 5 f51>1(1)1 [Vf/(l) e =



Replica symmetry (breaking) of the solution

Crisanti-Sommers formula (Crisanti & Sommers ‘92)

o i — eI () |
v>0,0<¢,<1,2(q)

2(q) : non-decreasing function of g € [0,1] with z(g < g)) =0
The explicit form of z(q) d@pemds on the covariance function f(q) = g(q) +1T'q :

o For I' > T'rqg = ¢7(1) — g'(1) the solution is RS: gy =1 and/or z(¢) =0

= —/g(+T

CHp =t mintman 5 111>1(I)1 [Vf/(l) i =

JZ
For the 2-spin g(q) = 7q2 owne has I'rqg =0

The &jpiaat &SE is atwajs RS

€= —\/J2+F



Replica symmetry (breaking) of the solution

Crisanti-Sommers formula (Crisanti & Sommers ‘92)

Lor o T min Y (z(q); v,
b v20,0<q,<1,2(q) [2(@):v. 4o

2(q) : non-decreasing ﬂfu,m:fzéoh of q € [0,1] with z(g < gy) =0
The explicit form of z(q) depends on the covariance function f(q) = g(g) +Tq :

o For I' > Ijeg = 8"(1) — g'(1) the solution is RS: gy =1 and/or z(qg) =0
~The energy landscape F(X) is “topologically trivial” for this bype of models:

ik displays a sub-exponential number of Local minima




Replica symmetry (breaking) of the solution

Crisanti-Sommers formula (Crisanti & Sommers ‘92)

€yp = €min = min [Z(Q); v, QO]
v>0,0<g,<1,2(9)

2(q) : non-decreasing ﬂfu,hcfzéoh of q € [0,1] with z(g < gy) =0
The explicit form of z(q) depends on the covariance function f(q) = g(g) +Tq :

~ For | <1 qy the solubkion is K53
~The energy landscape F(X) is “topologically complex” for this bype of models:

ik displays am exponential number of Local minima




Replica symmetry (breaking) of the solution

Crisanti-Sommers formula (Crisanti & Sommers ‘92)

Cemiieferimsas min v [Z(q); v, qo]
v>0,0<g0<1,2(q)

2(q) : non-decreasing function of g € [0,1] with z(g < g)) =0
The explicit form of z(q) d@pemds on the covariance function f(q) = g(q) +1T'q :

. For the solution is

/Iks number of RSB depends on the sign of the Schwarzian derivative

2
g9 3 ([ g®%09
Sleg'(q)] = e
SOl




Replica symmetry (breaking) of the solution

Crisanti-Sommers formula (Crisanti & Sommers ‘92)

G m—Spr s min Y (z(q); v,
typ min 120,0<40<1,2(q) [ q QO]

2(q) : non-decreasing function of g € [0,1] with z(g < g)) =0
The explicit form of z(q) d@pamds on the covariance function f(q) = g(q) +1T'q :

. For the solutiown is 0200 {
-1 Vg € [0,1] one has S[g'(g)] < 0 the solution is 1RSB 0.150
2(q) = Wsasds NZ:::

9 mg > 0% q > qo 0.050 -

The P > 2"‘SP£V\ s 1KS® 0.0 0.2 0.4 0.6 0.8

1.0




Replica symmetry (breaking) of the solution

Crisanti-Sommers formula (Crisanti & Sommers ‘92)

o i — eI () |
v>0,0<¢,<1,2(q)

2(q) : non-decreasing function of g € [0,1] with z(g < g)) =0
The explicit form of z(q) d@pamds on the covariance function f(q) = g(q) +1T'q :

. For the solution is

-1 Vg € [0,1] one has S[g'(g)] < 0 the solution is 1RSB

The exponentially many Local minima of X :
: Only Local minima are found in a
the random energy Lahdsaape are isolakted,

L d e .
separated bfj Pea i barias small range of energy around €.,



Replica symmetry (breaking) of the solution

Crisanti-Sommers formula (Crisanti & Sommers ‘92)

€yp = €min — min e [Z(Q); Vv, QO]
v2>0,0<g,<1,2(q)

2(q) : non-decreasing function of g € [0,1] with z(g < g)) =0
The explicit form of z(q) cie:pemds on the covariance function f(q) = g(q) +1T'q :

0.200 ~

. For the solution is

0.175 +

-1 Vg € [0,1] one has S[g'(¢)] > 0 the solution is FRSB 31501

0.125 A

; %o.loo—

O s g < CIO 0.075 -

Z(Q) — O Ceeal0) 0.050
28" ()32 2 0 » 4 > qo 0.025 -

0.000 A

0.0 0.2 0.4 0.6 0.8 1.0



Replica symmetry (breaking) of the solution

Crisanti-Sommers formula (Crisanti & Sommers ‘92)

Comgprr = min Y lz(g); v,
typ min 120,0<40<1,2(q) [ q QO]

2(q) : non-decreasing function of g € [0,1] with z(g < g)) =0
The explicit form of z(q) depends on the covariance function f(q) = g(g) +Tq :

- For | <1y the solubkion is K52

-1 Vg € [0,1] one has S[g'(g)] > 0 the solution is FRSB

There are many flat directions ALl bypes of saddles are found in a
of the landscape small range of energy around e,



Replica symmetry (breaking) of the solution

Crisanti-Sommers formula (Crisanti & Sommers ‘92)

Cemiieferimsas min v [Z(q); v, qo]
v>0,0<g0<1,2(q)

2(q) : non-decreasing function of g € [0,1] with z(g < g)) =0
The explicit form of z(q) d@pemds on the covariance function f(q) = g(q) +1T'q :

. For the solution is

1 Vg € [0,1] one has S[g'(g)] > 0 the solution is FRSB

s bt [Qtyp\ / g”(Qtyp) - J

Giyp

1

" / As ' > T = g//(l) Ty gl(l), deint =2 1
dg/8" (@ | T = dyp8 (Gyp) — &'(aryp) RSB yp
] Sl 2 and the RS solution is recovered
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Sph@.ﬂaat stpin model

T

L] =l

1 N
For the spkericat 2-spin model  FZ(x) = = Zx] X; Z x2=N

T = = Random

e J J —(0::0;, + O
ij k== ( k=l il k) Z“bt}dj
interaction
Constrained optimisation pmbtem:
Gt mm H (X)

min
N x:x>=N

Studied in detail in computer science (Conn et al. ‘00, Tisseur & Meerberger ‘o1,

&



‘Sph@.ﬂaat Znspm model

1 N
For the spherical 2-spin model  Z(x) = == Z X% >< Z T =

In absence of magnetic field T =0 : i.j

A
0 v e Amin: Lowest eigenvalue of GOE makbrix &p =
min 2

Distribution of the ground-state energy (GSE):
Pyle) =6 (e —e

min )



Sph@.ri,«t:at stpin model

1 N
For the spherical 2-spin model  Z(x) = == Z X% >< Z T =
In absence of magunetic field T =0 : L =
— r;in Amin: Lowest eigenvalue of GOE makrix eyp = —J

Three non-trivial reqgimes of fluctuations

Ben Arous, Dembo & Gulonnet ‘ol
Mo jumdar & Vergassola ‘09

[ e~ NZ(e) Left abypical fluctuakions e < Eyp
Py(e) = { 2N?PF, (—ZNZ/ Sl — etyp)> Typical fluctuations N?°|e — ey, | = O(1) Tracy & Widom ‘96

2
opon Right abtypical fluctuations e > €ip Dean, Majumdar ‘06

F | (x) : Tracy-Widom GOE distribution

GOE: Gaussian Orthogonal Ensemble



Matching of the kails

One can show explicitly a matching between the tails of the TW and the behaviours of
the larqge deviation furctions (LDFs)
Typical {Lm‘:mgﬁoms: Tracy-Widom Abypical fluctuations: LDFs

L >3/2

2N

§u| , X > — 0 Ngwyv§—¢4@+J)
3 N? 3

S N2 » - (Ae+ ), e > =T,

24

L

, e —>—J_
= WA = -

x =2N* (e +J)




Sph@.ri;aat stpin model

1 N
For the spherical 2-spin model  Z(x) = == Z X% Z T =
i=1

L,J
For positive maghetic field T' >0 :

The ground-state energy satisfies a central Limit theorem (Chen & Sen '17)

Gaussian bypical fluctuations

€ —tema 1] limﬂ:_m

p— 0 n—0 nﬁ

lim N Var(e

N—oo

=
min) = %min s
2



‘Sph@.ﬂaat Znspm model

1 N
For the spherical 2-spin model  Z(x) = == Z X% Z T =
i=1

L,J
The atypical fluctuations are described bj a large deviation function (LDF)

1
Fe)=—Ilm —InP
(e) = v(e)

N— o0



Sph@.ﬂaat stpm model

1 N
For the spherical 2-spin model  Z(x) = == Z X% Z T =
i=1

L,J
The atypical fluctuations are described by a large deviation function (LDF)

!

) == =108 G
N—ooo N

Iks Legendre transform is the scaled cumulant generating function (CG&F) and can be

tompuﬁed using replica computations

1 ] = | ~ :
lim — In Z*/ = — In e Vs€min = — ande eNse+Z@|  ¢(s) = —min [Se iR g(e)] = lim ¢s//3
p—o0 N N N e p— 0

X ’Xb

1i 1 In7Z 1i 1 1 Z_ ¢ Qab e
Erin ' — — M ——11 m—InZ"= 5
f— 00 Nﬂ N—oo N

(}vartap makrix



Sph@.ﬂaat stpm model

1 N
For the spherical 2-spin model  Z(x) = == Z X% Z x2=N

The CGF and the LDF were first computed using a RS ansatz

Its expression extends for e < e.pqg 0.30

0.25 A

D i — Lgs(e)
RS: Fyodorov & Le Doussal 14 9 —— eyp

-2.0 -1.8 -1.6 -1.4 =172 -1.0



Sph@.ﬂaat stpm model

1
For the spherical 2-spin model  Z(x) = == Z XJ;
i.j

27

N
> =n
=k

Using a rigorous approack the CGF and the LDF were shown to dLsPMj two branches:

ZLrs(e) , e <epy

: 1 2.0 -
SA e i i S =
N—co N

EROORES RS es s
RS: F:jociorov & Le Doussal 14 g/ ==
The real extent of the 05

RS solubion is e < epgg < €.gg
0.0

The transition is of third order
ZLrs(€) — ZLgrsple) o (e — eRSB)3i € — €RSB

-2.0

-1.2

-1.0



Spkeriﬂat Zwspm model

1 N
For the spherical 2-spin model  F(x) = =5 Zx-]--x- - Z hx; Z x2=N
i, i=1

1=y
hhy = T8,

We showed Ehabt Ehe mechanism behind bthese bwo branches is RSB

Lrs(e) , e < epgp

; 1 2.0 1
3(6) —— llm e ln PN(e) = gRSB(e) 5 ec. > e > C)RSB ) E— £RS(e)
N—oo N Lrsg(€)
LS e A i [ - €RrsB
) — €yp
RS: Fyodorov & Le Doussal ‘14 Mechanism: T 104 0000 e e,

f{iﬁ)OrOt&S: Dembo & Zeiblouni 15 LACT, C‘vcdorov $ Le Doussal ‘23

0.5 A
52(I)n=s/ﬂ(Q)
ab¥*Zcd

0.0

becomes Fosifzive_ for e > €RSB -2.0 ~1.8 -1.6 -1.4 ~1.2

=110



Spheri«t:at stpin model

1 N
For the spherical 2-spin model  Z(x) = == Z X% Z T =
i=1

I,]

The CG&F and the LDF each dis’atav bwo distinet branches: an and an RSB branch

ZLrs(@) , e < ergp

; 1 2.0 1
SA e i i S = —— Lgs(e)
N—ooco N Lrsg(€)
LS e A i | e €RrsB
@ €typ
The LDF diverges beyond a finite J10q e ec

critical energy e, = ¢, ('=0)=—-J 0,5-\

0.0

-2.0 -1.8 455 -1.4 =12



Spkeriﬂat Zwspm model

1 N
For the spherical 2-spin model  F(x) = =5 Z 1% = Z hx; Z xiz =N
W% =I5, L i=1 =

The CG&F and the LDF each dLsPLaj bwo distinet branches: an S and an €SB branch

Lrs(e) , e < epgp
< 2.0
3(6) — llm 5 B hl PN(e) — gRSB(e) 5 e(. > e > C)RSB 5 —— Lrs(e)
N—co N Lrsg(€)
l+00, (i [ - €RrsB
) €typ
The fluctuations for e > e, are either Q0{ e ec
described by a LDF with rate sy > N 0.5_\
2 |
(Most probably N7) or completely suppressed 3 |
-2.0 —]l..8 —]l..6 —-]l..4 —]l..2



Spkeriﬂat 2*5[@&;« model

)

1 N
For the spherical 2-spin model  Z(x) = == Z xJiix; — Z hx, Z T =
ij i=1 =

The CG&F and the LDF each dLsPLaj two distinet branches: an S and an €SB branch

Lrs(e) , e < epgp

1 2.0
Z(e) = — lim — In Py(e) = 3 Lrsple) . €. > € > epgp —— Cgs(e)
N—co N Lrsg(e)
LS e A i [ pe— €RrsB
= e,
The RS branch o«f the LDF matches in the % 1.04 e ecyp

vicinity of ¢, the Gaussian tail of the

Limiting PDF 7 0.5
(e T etyp)

ZLrs(e) ® ) € ™ €y e l , , —
2%1’1’111'1 —-2.0 —-1.8 —-1.6 -1.4 -1.2



Spkeriﬂat 2*5[@&;« model
Zhixl-

1=y

1
For the spherical 2-spin model  FZ(x) = _EZX'J"X' —
L,J

)

Taking the Limik I' - 0, only the RS branch appears

3Rs(8) T < €RSB — _]

1 2.0 A

SAE ) == T () =
N—co N l+oo,e>eC=—J .
The rescaled variance vanishes 77 .. — 0 G 1.0+

The 3/2 tail of the TW is recovered

0.5 1

42 3/2
ERS(e)zT|e+J| e SR T=Te =~

-2.0

—— Lps(e)

...... eC _— etyp —_— eRSB

-1.8

-1.6 -1.4 -1.2

-1.0



Spheﬂaat Znspm model

1 N
For the spherical 2-spin model  Z(x) = == Z X% Z T =
i, =1
The LDF of the 2-spin are described by the following phase diagram

0.35

A
\

0.30 A

etyp(r) =—\J+T? g

J2 0.20 A
ersg)=—J| 1 + =
rsp(l) 2(J2 +T) 0.15 -

0.10 -

\ RSB

etyp(r)
0,054 —== () = ersa(T) 'higher speed
...... : :
0.00 T T T ; T
-1.20 -1.15 —-1.10 —1.05 —-1.00 —0.95

e



Spkeriﬂat Zwspm model

1 N
For the spherical 2-spin model  FZ(x) = = Zx-]--x- — Z h.x; Z x2=N
ij i=1

l lJ ]
hih; = T6;

The LDF of the 2-spin are described by the following phase diagram

04

0.35 A — Lgs(e)
\\ Lrsg(€)
\ e I e
0.30 \\ RSB — Cuyp
ec ey ] \\ ...... e

e D) = — VI + T2 PR S = ..

Jz 0.20 | RS I = . . . . ;
Y L p -1.8 -1.6 = -1.4 -1.2 -1.0
2(J2+T) 0.15-
0.10 - =
- etyp(r) ] o)
0,05 --- el =erss(N) higher speed ¥
o Q 1.0+
<T
0.00 . . : > |:>
—1.20 —1.15 —-1.10 —-1.05 —1.00 —0.95 e
e 0.0
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Typical fluctuakions of the GSE

The distribution of the GSE

Py(e) =6 (e — emin) ~ Ay S (aN(e = s eN)> N = o



Typical fluctuakions of the GSE

The distribution of the GSE

Py(e) =6 (e — emin) ~ Ay S (aN(e = s eN)> N = o

For I' > 0, the GSE satisfies a central Limitk theorem and for models with FRSB

1
Ctypis [%yp\ 5 J dq+/8"(q)

Gyp

(Chen & Sem '17) I' = Giyp8" (Gryp) — 8'(Gryp)

L=
lim Nvar(emin) o %min = g(Qtyp) 2 2 =
N—oo



Typical fluctuakions of the GSE

The distribution of the GSE

Py(e) =6 (e = emin) ~ Ay S (aN(e = s eN)> N = oo
For ' =0 and the p > 2-spin model:
The typical fluctuations of the GSE are described by a Gumbel distribution

ey~—InN (Subag & Zeitouni '17)

; Allim Prob [emin LAl e e aNx] = 5(—x)
—> 0

N —

Ay N

SCaE==cxp (—e‘x)



Typical fluctuakions of the GSE

The distribution of the GSE

Py(e) =6 (e — emin) ~ Ay S (aN(e = s eN)> N = o
No general result for I'=0

There exists a general bound from the average density of minima of Z(x):

Pye)=5(e—emp) < Vpm@= ),  dle—e,)

a:minima of #Z'(x)

The density of minima can be computed using Kac-Rice formula

N min(€) = [ dx & <e -~ @) § (VI (x)) det (V2 (x)) O(V>H (X))
x2=N

(See e.g. Ros, Fyodorov 22)



Atypical fluctuakions of the GSE

An alkternative indirect method consists in analysing the atypical fLluctuations

They are characterised b:j the LDF:

1
Z(e)=—1lim —InP
(e) 1m o n Py(e)

N—-o

The behaviour of the LDF in the vicinity of ¢,
NZ(e) = Nfle — e, ¥, e > €iyp
Is expected to match the left tail of the PDF

—In P(ayx) = agflx|*, x > —

e N Question investiqated for
Sherrington-Kirkpatrick (SK)
in o series of papers by
Parist & Rizzo ‘o¥ ‘09 10



Atypical fluctuakions of the GSE

An alternative indirect method consists i analysing the atypical fluctuakions

They are characterised bj the LDF:

1 1
Lle)=—1lim —InP <D = E—
(e) 1m = nPyle) < min(€) 1m - ng_. (e

N— o0 N— o0

The LDF is bounded in terms of the annealed complexity of minima



Atypical fluctuakions of the GSE

The atypical fluctuations are characterised by the LDF:
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As for the 2-spin model, the scaled CGF can be computed using replica computations
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Atypical fluctuakions of the GSE

The expression of the CGF takes a similar form as the Crisanti-Sommers formula
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Atypical fluctuakions of the GSE

The expression of the CGF takes a similar form as the Crisanti-Sommers formula

¢(s) = —min [Se e SZ(e)] = ﬂlim I
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v>0,0<qy<1,2(q)

2(q) : non-decreasing function of g € [0,1] with z(g < gy = s

As for the 2-spin, the CGF may undergo RSB transitions
The location of the transition depends on s

(LACT, Fyodorov & Le Doussal '23)



Atypical fluctuakions of the GSE

The expression of the CGF takes a similar form as the Crisanti-Sommers formula
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max ds) , s>0
v20,0<g,<1,2(q)

¢(s) = —min [se + ZL(e)| = lim ¢y3= 1 0 ., s=0
e f— 0

i) )
v>0,0<gy<1,z(q)

The Ejpit‘:&i C¥SE is recovered And the rescaled variance
Ctyp = — ¢'(0) = — min d’(0) can be obtained
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Atypical fluctuakions of the GSE

The expression of the CGF takes a similar form as the Crisanti-Sommers formula

¢(s) = —min [Se 4 3(6)] = ﬂlim I
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Taking the Legendre transform, one obtains the LDF
Z(e) = —min [se + ¢(s)]

(LACT, Fyodorov & Le Doussal '23)



Phase diagram for LDF

For a model with FRSB phase, one obtains for the LDF
A — auli] [Se + q/)(s)]

The criterion for the number of RSB is again Schwarzian derivative
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Phase diagram for LDF (FRSB)

For a model with FRSB phase, one obtains for the LDF
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Phase diagram for LDF (FRSB)

For a model with FRSB phase, one obtains for the LDF

Z(e) = —min [se + ¢(s)| <—Zin(e) = — = In AN _. (e)
- | S e

Bound from complexity

0.30 A

In the RS phase, the LDF saturates the bounds
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Phase diagram for LDF (FRSB)

For a model with FRSB Fkase, one obtains for the LDF  Z(¢) = —min [se + ¢(s)]
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Phase diagram for LDF (FRSB)

For a model with FRSB phase, one obtains for the LDF i
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Phase diagram for LDF (FRSB)

For a model with FRSB phase, one obtains for the LDF
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Phase diagram for LDF (FRSB)

For a model with FRSB phase, ohe obtains for the LDF Z(e) = —min [se + gb(s)]
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For I' =0, the behaviour of the LDF depends

on the covariance g(q) ~ g2q2 oo i R
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By matching, new family of PDF for extreme values statistics with universal tails!
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For a model with FRSB phase, one obtains for the LDF
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Phase diagram for LDF (FRSB)

Z(e) = —min [se + gb(s)]
For I' =0, the behaviour of the LDF depends

on the covariance g(q) ~ g2q2 oo i R
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Phase diagram for LDF (FRSB)

For a model with FRSB phase, ohe obtains for the LDF Z(e) = —min [se + gb(s)]
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Conkents

Inktroduction
Typical ground-state enerqy
large deviation function

Cownclusion



Cownclusion

We have studied systematically the atypical fluctuations of the ground-state energy of
spherical spin-glasses

_Similar but more complex oplimisation prc:-biem than for the bypical GSE
~The large deviation of speed N is characterised by a rich phase diagram

may occur even if the typical GSE is replica-symmelric
“The study indicates the existence of new non-trivial universal distribution for the
extreme value statistics of random Landscapes

“The RS ansatz cotncides with the opposite of the annealed complexity



To 9o further

Many directions to consider
Fixed magnetic field
Large deviation function with higher speed sy > N (at least at zero magnetic field)

SK: Parist & Rizzo ‘10

SK: Parisi & Rizzo ‘09

S&u,cisj in more detail connection ko Comptex&j



Phase diagram for LDF (1RSB)

For a model with 1RSB phase, one obtains for the LDF
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Phase diagram for LDF (1RSB)

For a model with 1RSB phase, one obtains for the LDF
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Phase diagram for LDF (1RSB)

For a model with 1RSB phase, one obtains for the LDF
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Phase diagram for LDF (1RSB)

For a model with 1RSB phase, one obtains for the LDF
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